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Extrapolation from vector- valued inequalities and 

applications in the Schrodinger settings 

Lin Tang 



. Abstract In this paper, we generalize the extrapolation theorem in [6] and 

["t | . the A p extrapolation theorem of Rubio de Francia to Schrodinger settings. In addition, 

we also establish the weighted vector-valued inequalities for Schrodinger type maximal 
operators by using weights belonging to A?* 6 which includes A p . As their applications, we 
establish the weighted vector-valued inequalities for some Schodinger type operators and 
pseudo-differential operators. 



1. Introduction 



In this paper, we consider the Schodinger differential operator L = — A+V(x) on R n , 
n > 3, where V(x) is a nonnegative potential satisfying certain reverse Holder class. 

We say a nonnegative locally L q integral function V(x) on E n is said to belong to 
B q (l < q < oo) if there exists C > such that the reverse Holder inequality 



H \\B(x,r)\ Jb(x,t) J \\B(x,r)\ J B (x,r) J 



holds for every and < r < oo, where B(x,r) denotes the ball centered at x with 

radius r. In particular, if V is a nonnegative polynomial, then V 6 -Boo- Throughout this 
paper, we always assume that ^ V € B n /2. 

The study of schrodinger operator L = — A + V recently attracted much attention; 
see [4, 5, 7, 8, 20, 28]. In particular, it should be pointed out that Shen [20] proved the 
Schrodinger type operators, such as V(-A + F) _1 V, V(-A + V)~ 1/2 , (-A + Vy 1/2 V 
with V € B n , (—A + V) l/y with 7 G K and V G B n /2, are standard C alder on- Zygmund 
operators. 

Recently, Bongioanni, etc, [4] proved L p (R n )(l < p < 00) boundedness for commu- 
tators of Riesz transforms associated with Schrodinger operator with BMOo(p) functions 
which include the class BMO function, and in [5] established the weighted boundedness 
for Riesz transforms, fractional integrals and Littlewood-Paley functions associated with 
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Schrodinger operator with weight A p ' class which includes the Muckenhoupt weight class. 
Very recently, the author [23, 24] established the weighted norm inequalities for some 
Schrodinger type operators, which include commutators of Riesz transforms, fractional 
integrals and Littlewood-paley operators. 

On the other hand, extrapolation for weights plays an important role in Harmonic 
analysis. In particulary, Rubio de Francia [19] proved the A p extrapolation theorem: If 
the operator is bounded on L po (lo) for some po, 1 < po < oo, and every co € A po , then 
for every p, 1 < p < oo, T is bounded on L p (uj),uj € A p (see also [9, 13]). Recently, 
Cruz-Uribe, etc, in [6] extended this theorem from A p weights to A^ weights, to pairs of 
operators, and to the range < p < oo in the context of Muckenhoupt bases. 

In this paper, we generalize the A^ extrapolation theorem in [6] and the A p extrap- 
olation theorem of Rubio de Francia to Schrodinger settings and give some applications. 

The paper is organized as follows. In Section 2, we give factorization of Af^ 00 , and 
establish the weighted vector- valued inequalities for Schrodinger type maximal operators, 
these results play a crucial role in this paper. In Section 3, we obtain extrapolation the- 
orems from AP£° and A?' 00 . Finally, we establish the weighted vector- valued inequalities 
for some Schrodinger type operators and pseudo-differential operators in section 4. 

Throughout this paper, we let C denote constants that are independent of the main 
parameters involved but whose value may differ from line to line. By A ~ B, we mean 
that there exists a constant C > 1 such that 1/C < A/B < C. 



In this section, we give the factorization of A^'°° and weighted vector-valued inequalities 
for Schrodinger type maximal operators. 

We first recall some notation. Given B = B(x,r) and A > 0, we will write XB for 
the A-dilate ball, which is the ball with the same center x and with radius Ar. Similarly, 
Q(x,r) denotes the cube centered at x with the sidelength r (here and below only cubes 
with sides parallel to the coordinate axes are considered), and XQ(x,r) = Q(x,Xr). Let 



/ = {/fc}i° is a sequence of locally integral functions M n , \f(x)\ r = (J2k^=i I A 0*0 and 



Obviously, < my(x) < oo if V ^ 0. In particular, my(x) = 1 with V = 1 and 
my(x) ~ (1 + |x|) with V = \x\ 2 . 

Lemma 2.1 ([20]). There exists Iq > and Cq > lsuch that 



2. Factorization and vector-valued inequalities 





In particular, mv(x) ~ my{y) if \x — y\ < C /my(x). 




<C (l + \x-y\my(x)) h,/ih)+1) . 
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In this paper, we write ^e(B) = (1 + r/p(xo)) , where 9 > 0, xq and r denotes the center 
and radius of B respectively. 

A weight will always mean a positive function which is locally integrable. As [5], 
we say that a weight oo belongs to the class Aft 9 for 1 < p < oo, if there is a constant C 
such that for all balls B 

We also say that a nonnegative function uj satisfies the Aft condition if there exists a 
constant C such that 

M Vfi (ui)(x) < Cuj(x), o.e. x G R n . 

where 

My, e /(x) = sup / dj/. 

xefl ^e{B)\B\ Jb 

When V = 0, we denote Mof(x) by Mf(x)( the standard Hardy-Littlewood maximal 
function). It is easy to see that \f(x)\ < Myfif{x) < Mf(x) for a.e. x G K™ and any 
# > 0. 

Since ^(Z?) > 1 with 6 > 0, then A p C for 1 < p < oo, where denotes 
the classical Muckenhoupt weights; see [14] and [16]. We will see that A v CC A?*® for 
1 < p < oo in some cases. In fact, let 6 > and < 7 < 0, it is easy to check 
that oj(x) = (1 + |x|) _ ( n+7 ) Aoo and uj{x)dx is not a doubling measure, but = 
(1 + \x\)~ {n+ ^ G provided that F = 1 and * fl (B(x ,r)) = (1 + r) e . 

We remark that balls can be replaced by cubes in definition of Aft 9 and My,e, since 
V(B) < *(2B) < 2 ^(5). 

Next we give the weighted boundedness of My^. 

Lemma 2.2([22]). Let 1 < p < 00, p' = p/(p — 1) and assume that ui G ^p 9 - 
There exists a constant C > suc/i i/iat 

IIMyye/H^^) < C||/|| 

Similar to the classical Muckenhoupt weights(see [15, 14, 21]), we give some prop- 
erties for weight class Aft 9 for p > 1. 

Proposition 2.1. Leiw G = Ue> Aft 9 for p > 1. Then 

(%) If 1 < Pi < P2 < 00, then Aft 9 C Agf . 

(ii) uj G J 4^' 6> if and only if uj ~ G Aftf , where l/p + l/p' = 1. 
(Hi) If uj £ Aft 00 , 1 < p < 00, then there exists e > such that uj G Aft™, 
(vi) Let f G L loc (R n ), < S < 1, then {M Vfi ) S G A{'° . 

(v) Let 1 < p < 00, then uj G Aft 00 if and only if uj = uj\uj\^ v , where u)\,u)2 G Aft 00 . 
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Proof, (i) and (ii) are obvious by the definition of A? ,e . (iii) is proved in [5]. In fact, 
from Lemma 5 in [5], we know that if u G A?' 6 , then oj G A^°, where po = 1 + fzy < V 
with < 5 < 1(5 is a constant depending only on the A^ loc constant of oj, see [5]) and 
9 = gp+ ^~ 1) with n = Op + (9 + n)$. + (/ + We now prove (vi). It will suffice 

to show that there exists a constant C such that for every /, every cube Q and almost 
every x G Q, 

Fix Q and decompose / as / = fi + / 2 , where /i = f\2Q- Then M Vfi f{x) < M Vfi fi{x) + 
Myfif2(x), and so for < 5 < 1, 

M Vfi f(x) s < M Vfi h(x) 5 + M Vfi f2(x) S . 

Since Myfi is weak (1,1), by Kolmogorev's inequality( see [18]) 

^(til 1 " 1 *)', 

Hi^Poi/* 1 ™ 1 *)' 

To estimate M v jf 2 , note that let Q' is a cube such that x G <?', if Q'n(R" \ (2Q)) ^ 0, 
then Q c 4nQ'. Hence, for any z € Q 

Wffli iam* 5 w)iwi jU 5 CMv ^ z) - 

So M Vi e(y) < CMy i6 (x) for any y G Q. Thus 

1 



M v Myfdy < CM vfi f{xf. 



*e(Q')\Q'\JQ' 

It remains to prove (v). We first assume uji G A^' 01 and G A p { 02 . Since 

-i— / Wl(y )dy) (irfc*(y)) <C U 



*eAQ)\Q\JQ 



moreover 
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mkol If*®*)' ' = (fsgjioi/,^^)*)' ' 

From these inequalities above and choosing # = max{#i, #2}, then 

To prove the converse, we consider first p > 2, let u> € ^4 P / 6 ', and define T by 

r/ = [^ 1/p M^(f /f' W 1 /P)]P'/P + w i/P Ml/ip9(/w -i/ P) . 

Because oj~ p '/ p £ ^p 6 *, then T is bounded on L p by Lemma 2.2, that is, 

||T/|| LP < A\\f\\ LP , 

for some ^4 > 0. Also, since p > 2,p/p' > 1, and Minkowski's inequality gives T(/i + $2) < 
Tfi + T/2. Fix now a nonnegative / with||/||i P = 1 and write 

00 

v = Y / m- k T k (f), 
k=i 

where T k (f) = T(T k ~ 1 (f)). Then \\r)\\LP < 1- Furthermore, since T is positivity- 
preserving and subadditive, we have the pointwise inequality 

00 00 
Tn < ^(2^)- fe T fe+1 (/) = ^(2^) 1 " fc T fc (/) < 2Arj. 

k=l k=2 

Thus, if Ul = ujVPrfW, then 

M^(wi) < (T(rj))P/P 'uVp < {2Ar,f/ pl uo 1 ^ = (2A) p ^'u 1 
andw G Similarly, if ui2 = w 1//p r/, then My jP e(^i) < 2A*; 2 , sow 2 G J 4i' p6 '. Moreover, 

W = Wi^^ = W 1 V / (W" 1/P »/) 1 " , ' 1 

since p/p' = p — 1, finishing the proof or p > 2. 

The case p < 2 is similar. In fact, let uj € A p ' e , then uj- p '/ p £ A p f, and define T by 

then T is bounded on L p by Lemma 2.2, that is, 

\\Tf\\ LP , <B\\f\\ LP ,, 
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for some A > Also, since p < 2,p' jp > 1, and Minkowski's inequality gives T(f\ + f 2 ) < 
Tfi + T/2. Fix now a nonnegative / with||/|| LP / = 1 and write 

00 
k=l 

where T k {f) = T(T fc-1 (/)). Then \\n\\ Lpl < 1. Furthermore, since T is positivity- 
preserving and subadditive, we have the pointwise inequality 

00 00 
Tr, < J2(2B)- k T k+1 (f) = J2(^B) 1 - k T k (f) < 2Brj. 

k=l k=2 

Thus, if wi = lo- 1 ^ rf'/ p , then 

M v , p e(oJi) < (T{r])) p '/ p u~ 1/p < (2Br ] ) p '/ p uj 1 / p = (2£) p '/ p wi 

and u € A p { p ' e . Similarly, if oj 2 = u l/p r], then M w( («i) < 25w 2 , so w 2 € 
Moreover, 

u = uj 2 uI~ p = u^riiu-^rf ' /p f- p ', 

since p/p' = p — 1, finishing the proof or p < 2. The proof is complete. □ 
C. Fefferman and E. Stein [10] obtained the vector-valued inequalities of Hardy- 
Littlewood maximal operators. Later, K. Andersen and R. John [1] generalized the 
Fefferman-Stein vector- valued inequalities to A p weights case. We next give some weighted 
vector-valued inequalities of maximal operators Mv, v by new weights. The following in- 
terpolation results will be required. Let S denote the linear space of sequence / = {/&} 
of the form: fk(x) is a simple function on R n and fk(x) = for all sufficient large k. S is 
dense in L P J (l r ), 1 < p, r < 00; see [2]. 

Lemma 2.3([1]). Let uj > be locally integral on R n , 1 < r < 00, 1 < Pi < qi < 

00 and suppose T is a sublinear operator defined on S satisfying 



uj({x € R n : \Tf{x)\ r > a}) < MfcC* ( f \f(x)\?w(x)dx 

\JR n 



Qi/Pi 



for i = 0, 1 and f € S. Then T extends uniquely to a sublinear operator on L£(/ r ) and 
there is a constant Mg such that 

([ \Tf{x)\lu{x)dx\ lq < Me ( j \f(x)\ P Mx)dx] 1/P 
where (1/p, l/q) = (1 - 9)(l/p , l/q ) + 9(l/ Pl .l/ qi ), 0<6<1. 

Lemma 2.4([1]). Let uj > be locally integral on R ra , 1 < rj, Sj < 00, 1 < pi, qi < 
00 and suppose T is a sublinear operator defined on S satisfying 

\ 1 /<li / r \ 1 /Pi 

\Tf(x)\fUx)dx) <M t ( \f{x)\ p y(x)dx 
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for i = 0, 1 and f G S. Then T extends uniquely to a sublinear operator on L^(l r ) and 
there is a constant Mg such that 

( [ \Tf(x)\Mx)dx) 1/Q < Mt d M e ± ( [ \f{x)TMx)dx) 1/P 

where (1/p, 1/q, 1/s, 1/r) = (l-0)(l/p o , l/?o, V*o, l/r o ) + 0(l/pi, 1/si, 1/n), 0< 
< 1. 

We define the dyadic maximal operator My^ d f(x) as follows 

M v,ef( x )-= SU P ./. ( n\\n\ [\f( x )\ dx > 

xeQ(dyadic cube) WWM ^0 

where ipo(Q) = (1 + r/ maxQ p{x)) 6 , r is side-length of Q and > 0. 

Lemma 2.5. Zei f be a locally integrable function on R n , A > 0, and Q\ = {x G 
R n : My 9 f{x) > A}. T/ien ft A may be written as a disjoint union of dyadic cubes {Qj} 
with 

(i) \ < (MQ^Qjir 1 1 \m\dx, 

(ii) {rbe{Qj)\Qj\)^ 1 J \f(x)\dx < (4n) e 2 n X, for each cube Qj. This has the immediate 

JQj 

consequences: 
(Hi) \f{x)\ < A for a.e x G R n \ (Jj Qj 

H \n x \ < A- 1 / \f(x)\dx. 

JR n 

The proof follows from the same argument of Lemma 1 in page 150 of [21]. 
Theorem 2.1. Let 1 < r < oo and 9 > 0. 

(a) If 1 < p < oo, u G ?? = p #o u^ere p = 4(/ + 1) 5 (;P + (4 1 )') and 9 = 
p((S9 + n)p + (Zo + 1)^) ; there is a constant C r ,p,e,/ ,Co su °h that 

oj({x G R n : \M VtV f(x)\ r > a}\ < Ca~ p f \f(x)\ p oj(x)dx. (2.1) 

JR n 

(b) If 1 < p < oo, co G A^' 6 * and 77 6e same as above, there is a constant C r , p ,0,« o ,Co such 
that 

f \M v , v f(x)\ P .uj(x)dx<Ca- p f \f(x)\ p r uj(x)dx. (2.2) 

JR n JR n 
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Proof. Observe first that (2.2) for the case r = p is easy consequence of Lemma 2.2 
since i] > r'O, 



I \M v ^f(x)\ r Mx)dx = Y^ I \M v „f k {x)\ r u{x)dx 

<<?£ / \fk(x)\ r u>(x)dx (2.3) 
k Jk " 

= cW \fk(x)\ r Mx)dx. 
k Jvl ™ 

Now suppose r > p, uj G A^' 6 * and a > 0. As usual, we can assume that / G Cg . Let 
#i = + !)• From Lemma 2.5, we yields a sequence of non-overlapping cube {Qj} such 
that 

oo 

\f(x)\ r <a, x$n=\jQ j , (2.4) 

«< , , n \, n | / |/(x)| r <ix<2"(4n) 9l «, j = 1,2,---. (2.5) 
Let / = /' + /" where /' = {/£}, /£(x) = / fe (x)x K n^(x). Then 

|M Vi „/(x)| r < \M ViV f'(x)\ r + |M Vi „/"(x)| r . 
From this, (2.1) will follow if we show that 

u{{x G R n : \M VtV f{x)\ r > a}\ < CaT' p [ \f(x)\*u(x)dx. (2.6) 

and 

lo({x G R n : \M VtV f"{x)\ r > a}\ < CoT v J \f(x)\*u(x)dx. (2.7) 
Since ui G Ap by (i) of Proposition 2.1, from (2.3) and (2.4), we then have 

u({x G R n : \M v „f(x)\ r > a}\ < Ca~ r f \f(x)\ r r uj(x)dx < Ca~ p f \f(x)\ p r oj(x)dx. 

Thus, (2.6) is proved. To prove (2.7), define / = {/&} by 

fk(x) = ( n\\n\ I \fk{y)\dy, x e Qj, j = 1, 2, • • • , 

zero, otherwise. Let Qj = 2nQj. We now claim that for any x G Cl = (J ■ Qj, 

M v , v fk(x) < CM v J k (x), Vfc, 

where fj = r//2(Z + l) 2 - 
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\fk(x)\dx 
Qjf]Q 



In fact, Vx ^n, and cube Q 3 x, if Qj f] Q ^ 0, then Qj C Q = AnQ, hence 

%(Q)\Q\ Iq lfi:ix)ldx = %(Q)\Q\ ? • 

*r,(Q)|Q| n ^ 



QjCQ 
< CM v J k (x), 

where # 2 = ^(/q + 1) = #(/ + l) 2 . 

By the claim above, it is easy to see that (3.8) will follow if we show 



u(ti)<Ca- p [ \f(x)\ p r oj(x)dx. (2.8) 



and 



w({x £1" : \Mv-- n f{x)\ r > a}\ < CaT v f \f{x)\ p r uj(x)dx. (2.9) 
If p > 1, by (2.5), we then have 



.(Q.) = / ^x)dx < " | (/ |/(x)| r ) / u(x)dx 



^ ei (Q)\Q\) p W Jq, 

p-1 



1 



\{*o{Q)\Q\) Jq 

<a~P f \f(x)\r U (x)dx, 



u(x)dx 



since oj € 



(2.10) 



A similar argument shows that (2.10) holds also if p = 1. Hence, (2.8) follows from 
(2.10) upon summing over j. Note that \f{x)\ r < 2 n (4n) 9l a, and since \f(x)\ r is supported 
in f2, using Lemma 2.2, we obtain 

u({x € R n : |M^/(x)| r > a}\ < CoT T f \f(x)\ r r oj(x)dx < C [ oj(x)dx 

which together with (2.10) yields (2.9) as required. This complete the proof (2.1) in the 
case r > p. If r > p > 1, by (iii) of Proposition 2.1, we know that for oj G Aft 9 , there exist 
constants p\,P2, ^(depending only on oj) (r + l)/2 < p 1 < p < p 2 < r and #3 < 9 so that 
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(2.1) holds with oj € Ap x and ui € A e p2 respectively. Obviously, f\ > 2p[93, Lemmas 2.2 
and 2.3 yields (2.2) for r > p > 1. 

Suppose now that p > r and w £ A?' 6 '. By (hi) of Proposition 2.1, there exist 
constants #4 < 6>o and 1 < tq < p such that oj G A p ^ A ,q > p/tq. In particular, (i) of 
Proposition 2.1 yield w(x) > a.e. and u(x) 1 ~ q ' G Ap 6 * 4 so that by Lemma 2.2, for any 
nonnegative function |M|, 9 ' < 1> we then have 

f \M VjVl ((puj)(x)\ q ' oo(x) 1 - q ' dx < C q [ \<p(x)\ q ' u(x)dx = Cg, 

JR n ' JR n 

where 771 = t)/(Iq + l) 3 > q6± and hence 

/ \M Vifj f(x)\ r Mx)u(x)dx<C [ \f(x)\ r r [M Vim ( ( p lJ o)(x)/u 1 / q (x)}co 1 / q (x)d 

JR n JR n 

<c(f \f(x)Y q u>{x)dx 

\JR n 



1/9 



X 

(2.11) 



In the first inequality of (2.11), we used the following fact that for any nonnegative mea- 
surable functions f,g, and q > 1, we have 

/ (M Vjfj f) q gdx < C [ f q (M Vtril g)dx. (2.12) 

JR n JR n 

Taking the supremum in (2.11) over such ip then yields (2.2) for 1 < r < r$ upon taking 
q = p/r, and this together with the case p = r provided in (2.3) yields (3.3) for ro < r < p 
by application of Lemma 2.4. Thus, the proof of (a) and (b) is complete. 

It remains to prove (2.12), let 7/2 = f?i(io + l) = v/(^o + ^) 2 , we shall begin by proving 

/ (M$ v J) q gdx<C [ f q (M V:Vl g)dx. (2.13) 

JR n JR n 

We do this follows: Hold g fixed, and look at the mapping T : f — >■ My f. Then (2.13) 
says that T is bounded from L q (R n , M v ,r ll g{x)dx) to L q (M. n , g{x)dx). Clearly, T is bounded 
from L 00 (M n ,M VjV1 g(x)dx) to L°°(M n ,g(x)dx). If we can show that T is weak (1,1) type, 
then (2.13) holds by the Marcinkiewicz interpolation theorem. 

Lemma 2.1 shows that {x G M. n : My f(x) > A} = [jjQj, where the Qj are 
pairwise disjoint cubes satisfying the condition 

A ^ 7, town 1 / f{x)dx ~ 2 W 2A - 

Then 

/ g(y)dy < [ g(y)dy X f f(x)dx 

JQj JQj Wv2{Qj)\Qj\ JQj 

< CA- 1 / f(x) 1 / g(y)dy\ dx 

< CX- 1 f f(x)M Vm g(x)dx. 

JQj 
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Summing over j, we obtain 

/ a 9{y)dy <C f(x)M V:m g(x)dx, 

J{xeR": (M* v2 f)(x)>\} Jw> 

Thus, (2.13) holds. To complete the proof (2.12), we first define 

M v m f( x ) = su p 7j— — / 7 vwi^i / 

' r>0 (1 + r/p(x)) r lt \Q\ jQ( x ,r) 

Obviously, {AnfCoM^Jix) > M v>n f(x), where m = fj/(l + 1) = m{k + !)■ 
Hence, to end the proof, it will suffice to show that 

{x G R n : M^ 3 /(x) > c A} c{j2Qj, (2.14) 

i 

where c = C 2 4'° +1+n (4nf. 

Fix x G |Jj 2Qi an d let Q be any cube centered at x. Let r denote the side length 
of Q, and choose k G Z such that 2 fc_1 < r < 2 fc . Then Q intersects m(< 2") dyadic cubes 
with sidelengh 2 fc ; call them R x = R\(xi, 2 k ), R 2 = R2&2, 2 fe ), • • • , i? m = R m (x m , 2 k ). Non 
of these cubes is contained in any of the Q'jS, for otherwise we would have x G \Jj(2Qj). 
Hence 



1 



r l m r 

/ \f(y)\ d y= TTT / 7 ^t^t E/^ l/(f)l d f 



(i + r/pWMQIigM 1 v " (i + rMx))^|Q|^y QnRi 

< f> C 4 ; »+ 1 2 fc " /■ 

- ^ (1 + 2Vmax Q p(x))^|Q||i? i | ^ 1A2/jl V 

< 2™4 /o+1 C mA < 4 /o+1+n C A. 

Thus, (2.14) holds, so (2.12) is proved. □ 

3. Extrapolation theorems 

In this section, T will denote a family of order pairs of non-negative, measurable function 
(f,g). If we say that for p, < p < 00, and uj G = (J p >i 

/ f(xfu;(x)dx < C [ g(x)Mx), (/,<?) € 

we mean that this inequality holds for any (f.g) G T such that the left-hand side is finite, 
and that the constant C depends only upon p and the AP£° constant of oj. We will make 
similar abbreviated statements involving Lorentz spaces. For vector-valued inequalities 
we will consider sequences {(fj,gj)}, where each pair {fj,gj) is contained in T. 

In addition, we will use following classes: given a pair of operators T and S, let 
F(T, S) denote the family of pairs of functions {\Tf\, \Sf\), where / lies in the common 
domain of T and S, and the left-hand side of the corresponding inequality is finite. To 
achieve this, the function / may be restricted in some other way, e.g. / G Cq°. In this 
case we may indicate this by writing F(\Tf\, \ Sf\ : / G Cq°). 

We can now state our main results in this paper. 
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Theorem 3.1. Given a family T , suppose that for some po, < po < 
for every weight oj G AQ£°, 



f(x)P°uj(x)dx<C f g(x) po uj(x), (f,g) 



G T. 



(3.1) 



Then: 



1,00 

'oo 



For all < p < oo and wGig 

/ f(xfoj{x)dx<C [ g(x)Mx)dx, (f,g)eT. 
For all < p < oo, < s < oo and oj G 

II/IIlp.«(w) < cilflk^H, (f,g) g -T 7 - 

For all < p,q < oo and oj G ^l^, 00 



(3.2) 



(3.3) 



£(/.■; 



< c 



Lp(w) 



, !(/ r : (3.4) 



For all < p,q < oo, < s < oo, and w G Ag, 



oo 
oo 



Eta)* 



< c 



, {ifrflj)}, : T. (3.5) 



Our second main result shows that we can also extrapolate from an initial Lorentz space 
inequality. 

Theorem 3.2. Given a family T , suppose that for some po, < po < oo, and for 
every weight oj G A^° , 



(3.6) 



\lpo^(uj) < C|bllLPO.°°(u;), {f,g) G T. 

For all < p < oo and oj G 

|lp.«>( w ) < CIIsIIlp. 00 ^)) (/>s0 £ -T 7 - 



(3.7) 



Our third main result is a generalization of the A p extrapolation theorem of Rubio 
de Francia. 

Theorem 3.3. Fix 7 > 1 and r, 7 < r < 00. If T is a bounded operator on L r (oj) 
for any oj G A.^J^ , with operator norm depending only the A r / 1 constant of oj, then T is 
bounded on L p {oj), 7 < p < 00, for any oj G A^ . 



As a consequence of Theorem 3.3, we have the following result. 
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Corollary 3.1. Fix 7 > 1. Let 7 < p, q < 00 and T satisfy the conditions in 
Theorem 3.3. Then for any oj G A£™ such that 









< c 






LP(u) 




LP(u, 



We shall adapt a similar argument in [6] for proving Theorems 3.1 and 3.2, and 
prove Theorem 3.3 by using an argument in [9]. We first give the proof of Theorem 3.1. 

3.1. Proof of inequality (3.2) 

We prove this inequality in two steps. 

Step 1: We first show that hypothesis (3.1) is equivalent to the family of weighted 
inequalities with A p '°° weights. 

Proposition 3.1. Hypothesis (3.1) of Theorem 3.1 is equivalent to the following: 
for all < q < po, oj G A p,co , and (/, g) G T , 



f f(x) q uj(x)dx < C [ g{x) q uj(x)dx. 

JW 1 JR n 



(3.8) 



Proof of Proposition 3.1. We will prove that (3.1) implies (3.8). If (3.2) is proved, then 
the converse is proved. Fix (/, g) G T. Without loss of generality, we can assume that 
g G L q (uj) and ||/||i,9(u>) > 0- Let s = po/q- Since oj G A^ 00 , so there is a 9 > such that 
u> G A p { e C A p f ', and Mv )S e is bounded on L s ' (u>) by Lemma 2.2, that is, 

\\ M v,seh\\ L s> {L0) <A\\h\\ Ls , {L0) , 

for some A > 0. For h G L s ' (u), h > 0, we apply the algorithm of Rubio de Francia to 
define 

where My s6 is the operator My^e iterated k times if k > 1, and for k = is just the 
identity. From the definition of 1Z, it easy to see that: 

(a) h(x) < TZh(x). 

(b) \\Kh\\ Ls , {u}) < 2\\h\\ Ls , H . 

(c) My^ s g(1Zh)(x) < 2ATZh(x), so lZh(x) G A±' se with constant independent of h. 
Since /, g G L s> (oj) and have positive norms, from (b), we then have 

f \ s ' 9 \ 



H(x) = K 



L-'( W ). 



(x) G L s (oj). 
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By (a), 

q q 

(if/—) 3 ~ (\uT—) " ~ H{x) ' (3 ' 9) 

\\\J\\l°'{u)J 

So H(x) > whenever f(x) > 0. Further, H is finite a.e. on the set where uj > because 
h G L s ' (uj). Hence, 

/ f{x) q uj{x)dx < ( f f(x) P0 H(x)- s u(x)dx] S ( [ H(x) s ' uj(x)dx) := I ■ II. 
Jm n \Jm. n ) 

Obviously, II < 4 by (b). 

>,S0 



To estimate I, since oj G A p { C A p,s , and H G A p,s by (c), so tyif" 

have 

/ f{xrH(x)-u,(x)dx < H/lll (w) / u,(*)cfe 
So, we can use (3.1); by (3.9), we get 

( [ g(x) P0 H(x)- s uj(x)dx) * <C [ g(x) p Lu(x)dx. 



wH i-(i+a) G ^/v>0 c ^goo by ^ of Proposition 2.1. on the other hand, by (3.9), we 



7 < 



By I and II, we obtain the desired result. 

Step 2: We now show that for all < p < oo and for every oj G ^4fe,°°, (3.2) holds. 
Fix < p < oo and oj G ^fe, 00 . Assume that (/,#) G 7" with / G £ p (w) and # G L p (oj). 
By (i) of Proposition 2.1, we know that C Aft® if 1 < pi < P2, there exist > 
and < q < min{p, po} such that oj G A p ^ q . Let r = p/q > 1. Since cj G ^l^' 6 *, then 
a; 1_r ' G Ap 6 ' by (ii) of Proposition 2.1. Given h G L r '(o; 1 ~ r '), /i > 0, we use the algorithm 
of Rubio de Francia to define 



where i? is the operator norm of Mv, r e on L r> (ui 1 r '); this is finite since uj 1 r ' G A p r f 
Then 

(a) /i(x) < TZh(x). 

(b) ||7i/l|| Lr ' (w l-r') < 2\\h\\ Lr/{ojl _ r ,y 

(c) My^ r {1Zh){x) < 2BTZh(x), so IZh(x) G J 4j , ' r6 ' with constant independent of ft.. 
By duality 



11/1^(0,)= sup / f(xyh(x)u(x). 



9 - II f<7 
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Fix such a function h > 0. Then huj G L r (oj l ~ r ) and H/w^Hir'^i-r') = ll^llL r '(a;) = 1- By 
(c), lZ(huj) G A^ r . By (a) and Proposition 3.1, we then have 

/ f(x) q h(x)u(x)dx < [ f(x) q TZ{huj)(x)dx < C [ g{x) q K{hw){x)dx, 
Jm n Ji" Ji" 

provided that the middle term is finite, this is obvious. 

The same argument also holds for g instead of /. Hence, 

/ f{x) q h{x)io{x)dx <C f g(x) q K(huj)(x)dx < C\\g\\ q y 

From this, we obtain the desired result. □ 

3.2. Proof of inequality (3.3) 

We need two lemmas. We first give a result about the operator M w defined by 

M w (/)(x) = sup— \— [ \f{x)\u{x)dx. 
Lemma 3.1([23]). Let 1 < p < oo . If u G A^ 00 , then 

lo({x G R n : M w /(x) > A}) < C , VA > 0, V/ G D>{u). 

In particular, for 1 < p < f z, 

IIM^/IU^) < C\\f\\ LP{ui) . 
Given two weights u and v, we say that u G A\(v) if for every x, M v u(x) < Cu(x). 

Lemma 3.2. If uj x G A p / ', 1 < p < oo, and oj 2 G Ai(ui), then ojioj 2 G A^ 6p . 
Proof. If UJ2 G A\{uji), then for any ball B 

1 f , w ui&B) 1 f 

; — — -t; — r / ijJ\{x)uj2\x)dx = — -—5- — - — . — / LJ2(x)cui(x)ax 

(y g {B))P 2 \B\J B {Ve{B))P 2 \B\ wi (55) y B 

^ ^ gi(5g) . , 
< t — ; — rr-^ — -ess mf u>2 

(V e (B))P 2 \B\ B 

^ MB) . , 

- c (MB)y\B\ essi B iuJ2 ' 

in the last inequality, we used the following fact (see [23]) 

wi(55) < C(V e {B)Ywi{B). 

On the other hand, 

1 /■ i_ yp- 1 flf l_ 

— J (udi(x)uj2(x)) p- 1 dx\ < (7^7 J w\(x) p- 1 dx\ (essinfu^) • 
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From two inequalities above, we get the desired result. □ 

Proof of (3.3). Fix p, s, u G A^°° and (/, g) G 7" with /, g G LP' s (w). Fix < q < 
min{p, s} and set r = p/g > 1, r = s/q > 1. (If s = oo, take < g < p and r = oo.) Then 

II/IIL..( W ) = H/ 9 |l L r,7 (w) = S ^ ^ 

where the supremum is taken over all h G L r > r (w) with ft > and ||/»|| ,p = 1. Fix such 
a function h. Using the algorithm of Rubio de Francia to define 

where A^ is the operator norm of M w on L r ' r (oj) endowed with norm equivalent to j| • 
|| ,~ . Since M u is bounded on L p (oj) by Lemma 3.1, and by Marcinkiewicz interpolation 

in the scale of Lorentz space, it is bounded on U ,r {ui). Then, 

(a) h{x) < Huh^x). 

(b) \\TZ w h\\ T ,~ . < C\\h\\ T ,~ . ,=C. 

(c) My^ s g{JZh)(x) < 2A u 1Zh(x), so lZ u h(x) G -Ai(w) with constant independent of h. 

By Lemma 3.2, ojTZ^h G ^4&,°°. As above, (3.2) holds with exponent q and the A^° weight 
uiTZ^h. Thus, 

/ f(x) q h(x)u(x)dx < f f(x) q TZ UJ h(x)uj(x)dx < C [ g(x) q n uJ h(x)uj{x)dx 
<C\\g q \\ T ~ Al^hW , 7 <C\\g\\ q ~ 



since 



J f(x) q KMxMx)dx < ||/ 9 H Lr ~ H ll^/i| , . :,. < ( 'II r\\" - < x . 



II 9 

n Lr >y H ll Lr ~ (w) 



Thus, the desired inequality is obtained. □ 
3.3. Proof of inequalities (3.4) and (3.5) 

Fix < q < oo. It suffices to prove the vector- valued inequalities only for finite sums by 
the monotone convergence theorem. Fix N > 1 and define 

i l. 

(N \i I N \ i 
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where {(fj, 9j)}jL\ C T . Now form a new family consisting of the pairs (f q ,g q ). Then, 
for every uj G AP£° and G Jq, by (3.2) we get 



N N 

'9il*«M = H / fj( x ) q ^(x)dx < / 9j(x) q u(x)dx = Cllc/J*. 



which implies that the hypotheses of Theorem 3.1 are fulfilled by T q with po = q. Hence, 
by (3.2) and (3.3), for all, < p < oo, < s < oo, w G A^°, and (f q ,g q ) G T q , 
\\fq\\Lp(u) < C\\9q\\Lp(u}) and \\f q \\Lp,s( u ) < C\\g q \\ LP ,s(u)- u 

3.4. Proof of Theorem 3.2 

Similar to the proof of Theorem 3.1, and adapting the same argument of Theorem 2.2 in 
[6], we omit the details here. 

3.4. Proof of Theorem 3.3 

We first need the following lemma, which is different from Lemma 2.2. 

Lemma 3.3([23]). Let 1 < p < oo and suppose that uj G A?' 6 . If p < p\ < oo, 

f \M Vfi f{x)\ n uj(x)dx<C ( \f{x)\ pi uj(x)dx. 

Proof. We only consider the case 7 = 1, another case 7 > 1 is similar. We first 
show that if 1 < q < r and uj G A^' 00 then T is bounded on L q (oj). Without loss of 
generality, we assume uj G A^ n for some r/ > 0. By (vi) of Proposition 2.1 the function 
M^~ q),{r ~ 1] is in Af, and uj{M VjT] f)i- r G A™ by (v) of Proposition 2.1. Hence, 



then 



Tf\«uj = / \Tf\"(M v , v fr ig - r)q/r (M v , v f) 



(q-r)q/r 



UJ 



q/r / r \ ( r -i)/ r 

UJ 



<([ \Tf\ r uj(M v , v fy- r Y r ([ (M v>r ,f) 

<([ \f\ r uj(M v , v fy- r ) q/r ( [ 1/1 



the second inequality holds by our hypothesis on T and by Lemma 3.3 (since uj G A^), and 
the third inequality holds since \ f{x)\ < My^f(x) a.e. for any r\ > 0, so My^f(x) q ~ T < 
\f(x)\ q ~ r a.e. 

Given any 1 < p < 00 and uj G ^J' 6 *, by (iii) of Proposition 2.1 there exists q > 1 
and 6\ > 6 such that w G ^/gS hence we only need to prove that T is bounded on L p (u>) 
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Fix uj G -^pfq ■ Then by duality there exists u G (w) with norm 1 such that 



\Tf\ru, 



q/p 



\Tf\«uu. 



For any s > 1, lju < M v ^((oju) s ) 1/s for any rj > and My^ow) 5 ) 1 / 8 G Af. Hence, by 
the first part of the proof, 



/ \Tf\^u< f iT/l'Mv^um)') 1 '' 

JR n JR n 

<c [ \f\m v ^{uu) s ) l / s 

JR n 

= C f \f\ q uj q,p M v , ri {{u J u) s ) 1 l s u- q l p 



\ V(P/?)' 

7«. .i-(p/«riM 



<c(7 \f\ p u) qP (f Mv^H'J^'/.yi-W!) | 

Since w G Aj^ 1 , then u; 1 -^/?)' g AgJ^, by (ii) of Proposition 2.1. Therefore, if take s 
sufficient close to 1, then there exists S such that u} 1 ~^ > li)' g ^(p/ q y/ s by (hi) of Proposition 
2.1. If choosing rj = {(p/q)' /s)'6 s , then by Lemma 2.2 the second integral is dominated by 



c I ( wu )(p/«)V-(p/«)' = c. 



The proof is complete. 



□ 



4. Some applications 



4.1. Schrodinger type operators 

Let T be a Schrodinger type operators. From Theorem 3.1 in [23] we know that for all 
< p < oo and u G A(^°, for any rj > 0, then there exists a constant C depending only 
on rj,p, q, Co, /o an d the ^4^°° constant of w such that 

IIT/Hlph < C||M^/|| iP(w) . 

By applying Theorem 3.1 to the family F r) {\Tf\, My, v f '■ f G Cq°), we obtain that 



For all < p, q < oo and u> G A£ 



oo 
oo 



Era 



< c 



E( M ^) 9 



, {(.I'rHjilj , J"„. (4.1) 



For all < p, q < oo, < s < oo, and uj G A£ 



oo 
oo 



Era 9 



< c 



LP. s (w) 



T,( M v,vfj) 



, {(/.^CJ, (4.2) 
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If we combine them with Theorem 2.1, we have the following inequalities: 
If 1 < q < oo, then for every oj G ^f 00 , there exists a constant C depending only 
on rj, q, Cq, Iq and the Al'°° constant of oj such that 



ETO 9 



< c 



Ei/# 



(4.3) 



£i( W ) 



If 1 < q < oo, and 1 < p < oo, then for every oj G there exists a constant C 

depending only on r/,p, g, Cq, /q an d the Aft 00 constant of oj such that 



Era 9 









< c 


(H 5 




Lp(lo) 




Lp(w) 



(4.4) 



Let T be a Schrodinger type operators as above. From Theorem 3.1 in [23] we have that 
for all < p < oo and oj G -Aqo, for any 77 > 0, then there exists a constant C depending 
only on ij,p, q, Cq, Iq and the ^4^°° constant of oj such that 

\\[b,T]f\\ LPH < C\\b\\ BMOoo{p) \\M v ^M v ^f)\\ LPH . 

By applying Theorem 3.1 to the family J>;(|[b, T]f\, My^f : f G Cq°), we obtain that 
For all < p, q < 00 and uj G 



>,oo 
'00 



EM/;!* 



< C\\b\\ BMOoo (p) 



Lp(co) 



Y,( M v,vfj) q 



> {(/j<Sj)}jC^. 

(4.5) 



For all < p, q < 00, < s < 00, and w € 



00 
00 



£lM/il ff 



< C\\b\\ BMOoo ( p) 



E( M ^) 9 



> {(/?> 9j)}j C 



(4.6) 



where the new space BMOe(p) introduced in [4] as follows 

WfWBMOM = fi sup / b \f(x) - f B \dx < 00, 

where fs = js\ /ij/(f) d f and 'M- 6 ) = i 1 +r/p(x )) e , B = B(x ,r) and 9 > 0. Let 
BMO^p) denote Ue>o 5M O e (p) 

If we combine them with Theorem 2.1, we have the following inequality: If 1 < q < 
00, and 1 < p < 00, then for every oj G A^' 00 , there exists a constant C depending only on 
n,p, q, Cq, Iq and the ^4^'°° constant of oj such that 



EM-f, I 



<c\ 



IbmOoo(p) 



Lp(w) 



El/, l 9 



(4.7) 



Z,p(w) 
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We remark that these inequalities (4.1)-(4.7) are all new. 

Next we consider another class V G B q for n/2 < q for Riesz transforms associated 
to Schrddinger operators. Let T x = (-A + V) -1 V, T 2 = (-A + V)- l / 2 V 1 / 2 and T 3 = 
(- A + F)-V 2 v. By using Theorem 3.3 in [24] and Corollary 3.3, we have 

Theorem 4.1. Suppose V £ B q and q > n/2. Then 

(i) If q' < p, r < oo and u G A^,, 

\\\Tlf\r\\Lr(u) < C\\ \f\ r \\lp(u) ; 

^ # (2g)' < P, r < oo anduj G ^p/^y, 

|ll r 2/|r||LP(w) < C|||/|r||iP(o;); 
(mj //Po < p, r < oo and w G -A^y > where 1/po = 1/q — 1/n and n/2 < q < n, 

II |Xb/|r IUp(c^) < C|||/|r||LP(w)- 

Let T-f = V(-A + V)' 1 ,^ = yV2(_ A + y)-i/2 and T * = y(-A + V)" 1 / 2 . By 
duality we can easily get the following results. 

Corollary 4.1. Suppose V G B q and q > n/2. Then 
(i) Ifl<p,r<q and uj~^ G A p p /f ql , 

lll?l7|r||LJ>(u>) < C|||/|r||Lf(a)); 

(it) Ifl<p,r<2q and uT^ G A p ^ {2q)l , 

lll r 27|r||LJ>(u;) < C\\\f\ r \\ LP ^)] 

(Hi) If 1 < p,r < po and G ■^■p'%' > w ^ ere VPo = 1/g — 1/n and n/2 < q < n, 

lll^3/lr||LP(w) < C|||/|r||Lf(a))- 

Let Ti, T2 and T3 be above. By using Theorem 4.5 in [24] and Corollary 3.3, we have 
Theorem 4.2. Suppose V G B q and q > n/2. Let b G BMOoo(p). Then 
(i) If q' < p, r < 00 and w G 

|||[&, ^i]/|t-||x^(oj) < C|| fe llBAfOoc(p)lll/lr||LPH; 
^ # (2g)' < P, r < 00 and 10 G ^p/^y, 

^ ? 2]/|r||LP(w) < C||&l|BM0 00 (p)lll/| r .||Li>(a>); 
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(Hi) If p' < p, r < oo and uj G > where 1/po = 1/q — 1/n and n/2 < q < n, 

\\\[b,T 3 ]f\ r \\ LP{0j) < C\\b\\ BMOoo(fi) \\\f\r\\u>( u ). 

Let T*, T 2 * and T 3 * be above. By duality we can easily get the following results. 
Corollary 4.2. Suppose V G B q and q > n/2. Let b G BMO^p). Then 
(i) Ifl<p,r<q and G 

ll|[&» r i]/|r||z,P( w ) < C||6|j jBMOoo (p)|||/|r||LP(a;); 

^ Ifl<p,r< 2q and uj~~ € ^^g)" 

^ T 2*]/|r||LP(a;) < C\\b\\ BMOoo ^ \\ \f\ r \\ L p(u>) ! 



fm) If 1 < p,r < po and uj p- 1 G ^4p/^/ > where 1/po = 1/q — 1/n and n/2 < q < n, 

\\\%n\f\ r \\ LP{u}) < C\\b\\ BMOoolp) \\\f\r\\^ u ). 

Finally, we consider the Littlewood-Paley g function related to Schrodinger operators is 
defined by 

d 



2 \ 1/2 

tdt 



g(f)(x) 

and the commutator of </ with b G BMO(p) is defined by 



«&(/)(*) 



-tL 



((b(x)-b(-))f)(x) 



\ 1/2 



The maximal operator of the diffusion semi-group is defined by 



T*/(x) = sup|e^ L /(x)| = sup 

t>0 t>0 



and it's commutator 



T b *f(x) = sup 

t>0 



k t (x,y)(b(x) - b(y))f(y)dy 



where kt is the kernel of the operator e~ tL , t > 0. 

By Combining Theorems 1 and 2 in [5] and Theorems 1.1 and 3.1 in [24] and 
Corollary 3.3 together, we have 

Theorem 4.3. Let b G BMO oa (p) and T,T t *, g and g b be as above. 

(i) If 1 < p,r < oo, uj G A?' 00 , then there exists a constant C such that 

lllfl'(/)|r||LP(w) + \\\T* f\r\\Lr>{u) < C\\ \f\ r \\lp(u) ■ 

(ii) If 1 < p,r < oo, uj G AP'°°, then there exists a constant C such that 

\\\9b(f)\r\\LP(u) + \\\ T b f\r\\hP{uj) < C\\b\\ BMOoo ( p ) \\ \f\ r \\ L P(u) ■ 
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4.2. Pseudo-differential operators 

Let m be real number. Following [22], a symbol in S™$ is a smooth function o~(x, £) denned 
on R n x R n such that for all multi-indices a and f3 the following estimate holds: 

\D«DPa(x,0\<C a ^l + \Z\r~W +s \ a \, 

where C a> p > is independent of x and £. A symbol in S^^° is one which satisfies the 
above estimates for each real number m. 
The operator T given by 



Tf(x) = I <T(x,Oe 2 ™*f(Qdt 



is called a pseudo-differential operator with symbol cr(x,£) G S™ s , where / is a Schwartz 
function and / denotes the Fourier transform of /. As usual, L™ s will denote the class of 
pseudo-differential operators with symbols in S™ s . 

We in [25] studied weighted inequalities for a class of pseudo-differential operators 
with symbols in S® s with < S < 1. More precisely, we have the following result. 

Lemma 4.1. Let T be a pseudo-differential operators with symbols in S^g with 
< 5 < 1., and let < 5 < 1, for any r] > 0. Then there exists a constant C > such 
that 

Ml Ari (Tf)(x)<CM^ v (f)(x), a.e. 

for any smooth function f with compact support, where <p v {Q) = (1 + r ) v with r = \Q\ 1 ^ n , 
and 

M VtV f(x) = sup , , / \f(y)\dy, 

and M^ Sr) f(x) = M^ rj (\f\ s ) 1 ^ s (x), and the sharp maximal operator M^ r) f(x) is defined 
by 

M» J(x):= sup — f \f(y)-f Q \dy+ sup * . / |/|dy 

- sup f \f(y)-°\ d y+ su p — Ur / \f\ d y 

x£Q,r<l C \Q\ Jq xq xeQ,r>l <Pri\Q\ JQx 

where Q xo denotes cubes Q(xq,t) and /q = y^y fqf{x)dx. 

Lemma 4.2([25]). Let < p, 5 < oo and w G = mi/i p = 1. There 

exists a positive constant C such that 



J 



M vAri f(x)Mx)dx < C / M» /(x)Mx)dz, 

/ TTTl n. ' ' ' * 

w/iere M M „/(s) = M^ r ,{\f\ 5 ) l l 5 {x), 



Extrapolation theorems, Vector-valued inequalities 



23 



From Lemmas 4.1 and 4.2, we have that for all < p < oo and u € ^4^°°, for any i] > 0, 
then there exists a constant C depending only on rj,p and the ^4^°° constant of uj such 
that 

\\Tf\\ LPH <C\\M^f\\ LP(ul) . 

From this, we can get the vector-valued estimates (3.4) and (3.5) which are new. 

Next, we consider the mulitilinear pseudo-differential operators, that is, T is an m- 
linear operator such that T are initially defined on the m-fold product of Schwartz space 
<S(M n ) and take their values into the space of tempered distributions <S'(R n ). We will 
assume that the distributional kernel on (R n ) m+1 of the operator coincides away from the 
diagonal yo = 2/1 = 2/2 = ■ ■ ■ = Vm m (R™) m+1 with a function K for integer m > 1 so that 

T(fi,--- ,f m )(x) = / K(x,yi,---,y m )fi(yi)---f m (y m )dyi---dy m , 

J(R n ) m 

whenever f±, ■ ■ ■ , f m are C°° functions with compact support and x Plj=i su PPfj- More- 
over, we will assume that the function K satisfies the following estimates for any N > 

i*<*,»,-,*oi < +a&rt | W -»r(E&-i» (48) 

and, for some e > and any N > 0, 



\K(y , ■ ■ ■ ,yj,- ■ ■ ,y m ) -K(y , ■ ■ ■ ,y'j,- ■ ■ ,yi) 



Cn\vj-y'j\' (4 ' 9) 



(l + E5.ol»-!/ll)' V (ES.ol»-!/il 



\mn+e ' 



provided that < j < m and \yj — y'j\ < \ max o<k<m\Uk ~ y'k\- When N = in (4.8) 
and (4.9), such kernels are called m-linear C alder on- Zygmund kernels and the collections 
is denoted in [11] by m — CZK. For these operators above, a boundedness estimate 

T : L qi x • • • x L qm -> L q , 

for 1 < q± , • • • , q m < oo and 

l + ... + J- = i, (4.10) 

implies the boundedness of the operator for all possible exponents in such range of values. 
Moreover, it will be important for purpose the following end-point estimate also satisfied 
by such operators: 

L qi x ••• x L qm -> L 9 '°°, 
for 1 < qi, ■ ■ ■ , q m < oo satisfying (4.10). In particular, it will be relevant the case 

L 1 x • • • x L 1 -)■ L 1 /" 1 ' 00 , 

which extends the classical result in the linear case T : L 1 — > L 1,oc ; see [11]. 
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A typical example, Let T is a bilinear pseudo-differential operator with symbols 
belonging to SB^ Q ; see [3]. From [27], we know that the kernel of T satisfies (4.8) and 
(4.9), and it is bounded from L 1 ->• L 1 / 2 x L 1 / 2 ; see [3]. 

We next give a estimate for a mulitilinear pseudo-differential operator. 

Lemma 4.3. Let T be a mulitilinear pseudo- differential operator as above. Let 
< 5 < 1/m, rjj > for j = 1, ■ ■ ■ ,m, and rj = Y^JLi Vj- Then there exists a constant 
C > such that 

m 

^tlW^n^^Ki), a.e. xel" (4.11) 

3=1 

for any smooth vector function ~f = (fi, f 2 , ■ ■ ■ , f m ) with compact support . 

Proof. Let / be any smooth vector function. Let x G Q = Q(xo,r). Write each / = 
? + 7*, where ? = ~f X 2Q = (/1X2Q, ■ ■ ■ , f m X2 Q )- Set 

CQ = (r(7^) = r(/-,---,/-) Q . 

It is easy to see that 

\T(f)(z) - C Q \ < \T(f*)(z) - C Q \ + C qm Y,T{f[\- ■ ■ , f™){z), (4.12) 

m 

where in the last sum each rj = or 00 and in each term there is at least are rj = 0. 

To prove (4.11), we consider two cases about r, that is, r < 1 and r > 1. 

Case 1. when r < 1. Using the regularity of the kernel (4.9) and 0<<5<l/m<l, 
by Minkowski's inequality, we get 

- (w\ L |r(J3i)(2) _ v^hf d*) 1 " 

~ \Q\ Iq \Q\ Iq l(M n ) m \(2Q)™ 

m 

x(K(z,lti) - fc(y,#)) Y[ f j {w j )dl3dy\dz 
3=1 

C N f 1 



dz 



< 



\Q\ JQ \Q\ JQ J(M n ) m \(2Q) m (1 + \y - wi\ -\ h \y - w v 

I z\ e m 
x — ; ; — If I fj (wj) \ dlift dvdz 

(|y-^i| + --- + l2/-^ m |) mn+£ / = V jn 
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<CW|Q|»TT(/ -^d^ 

j=l \"'R n \2Q (l + \x — Wj\) v i \x - Wj\ n - 



j = l ' ~" ' ^R n \2Q (1 + \x — Wj\) ri 3 \x — Wj\ H+ m 



< Cn n iqi- /__, ^ , , n ^Bz ... ^ ^ 



<C N X\M^ 3 {f 3 ){x), 
i=i 

if takeing N = mi]. 

The above computations gives the correct restimates for the first term in the right 
hand side of (4.2). To estimate the sum in the right hand side of (4.12) we distinguish 
between two kinds of term . One, in which at least one of the kj = oo, and one fi- 
nal term in which all the kj = 0. A typical representative of the first kind of term 
is T(/f°, ... , fl)( z ). Using the notation R t = (R n \ 2Qf x {2Q) m ~\ by 
Minkowski's inequality, we have 

1 r \ 1 / s 

q-J \T(f?,---,frj? +1 ,---,0(z)\ s dz 



\Q\Jq 

<^J Q \T(f?°,---jrj? + i,---,0(z)\dz 

Hx, t)f?(yi), • • • , fr(Vi), fi+liVi+l), ■ ■ ■ , fmiVrn) df 



\Q\Jq 



(m. n ) r > 



C f f |/f°(yi) • • • /^(^)/° + i(^+i ) • • • /° (y m )\ 

\fj(Vi)\ 



dz 



~W\Jq JRi (i + V - m\ + • • • + k - j/mD^d^ -yi\ + --- + \z- y m V mn 11 ' ' 



<w\ L \ n / i/,(^)i^n/ 



R"\2Q (1 + \z - yj\p \z -yj\ i 



<cw n ^tttoxK^m/ v — — 

i=i+i h ; 'W (i + V- - vsV V - y,r + ^ 

m 

<C N 1 [[M Vtr ,.(f j )(x), 
i=i 

where we have used that m > i and N = mn. 

Applying Kolmogorov's estimate ( [17]) to the term T(f^) = T(fl, ■ ■ ■ ,f %,,){*), we 

have 

sl/S 



|ij J \T(f)(z)\ s dz^j < C||r(?)|| LVm . 00 (Q > f|) 

.7 = 1 .7=1 
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since T : L 1 x ■ ■ ■ x L 1 —> L^ m '°°; see [11]. 

Case 2. When r > 1. Similar to the proof of case 1. Taking N = mi;, then 

|T 5 (p)(z)|dz < 



^(Q)|Q| 



i.-h / i l-^(^^)l II fj(wj)dv$ dy\dz 

\Q\ JQ y(R»)m\(2Q)"* f=l 



<cwn 



(R")™\(2Q)™ (|y - H 1- |S/ — Wm|) mn+Ar 



Wj\ n+ rn 



jJiJ* n \2Q \x - 
m 

<C N Y[M^(\fj\)(x). 

i=i 

The above computations gives the correct estimates for the first term in the right hand side 
of (4.12). To estimate the sum in the right hand side of (4.12) we distinguish between two 
kinds of term . One, in which at least one of the kj = oo, and one final term in which all the 
kj = 0. A typical representative of the first kind of term is T(/f°, • • • , /?°, • • • , fm)(z). 
Using the notation Ri = (M n \ 2Q)' 1 x (2Q) m ~ l , by Minkowski's inequality, we have 

1/8 



J Q \T(f ?>,..., /f\ /{Vi>-, &)(*)\'dz 

-w\L |T(/i °°' ■ ■ ■ ' /r ' ■ ■ ■ ' f0J{z)l dz 

k(x, t)f?(yi), frfa), f? +1 (Vi+i), • • • , f m {ym) df 

\f?°(yi)---m(yi)fi + i(yi+i)---fm(y m )\ 



< 



< 



\Q\ 
1 

W\ 

W\ 



(R n ) r 



dz 



i (1 + (\z - yi \ + ■ ■ ■ + \z - y m \)) N {\z -yi\ + --- + \z- y m \Y 

lfM dy 3 I dz 



■ d~$ dz 



<w/ II <p(Qr» /;(*;) d !tj \\ / 



\j=l+i 

rn 



20 



K n \2Q |2 — yj| 



?=1 Jk"\2Q \x - yj\ 



III!! | „ ^//j 



<Civ n / i/i(%-)i^-n 



20> 



\fj(Vj)\ 



j=1 JR"\2Q \x - yj\ 



j=l+l 
m 

<c N n ^.(/^wdQi^rn 

j=l+l 

m 

<C N I[M V7r ,.(f j )(x), 
3=1 



-+r i . J 



d Vj 



i-/R»\2Q | x _ yj |«+^T-^+^ 



where we have used that m > i and N = run. 
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Applying Kolmogorov's estimate ( [17]) to the term T(y) = T(f®, • • • ,f m )(z), we 
have ^ 

{ ^(Q)\Q\ l in ^ ){z)l5 dz ) ^ C ^ Q ^ T ^^(Q,^) 

m l r 

rrt 

<cn^(/i)(4 

since T : L 1 x • • • x L 1 -> L 1 /" 1 ' 00 ; see [11]. 

Hence, Lemma 4.3 is proved. □ 
Applying Lemma 4.2 and 4.3, we show that for 1 < p < oo and for all to G ^4^°°, 

for any r/j > 0, j = 1, • • • , m, 

m 

(4.13) 

The scalar estimate (3.3) just (4.13). But the vector- valued inequalities (3.4) and (3.5) 
are new and immediately yield the following result by applying Holder's inequality and 
the norm inequalities for the maximal operator. 

Theorem 4.4. Let T be a mulitilinear pseudo-differential operator, 1 < p±, ■ ■ ■ , 
p m < oo, 1 < qi, • • • , q m < oo and < p, q < oo such that 

11 111 1 

- = — + ••• + — , - = — + ••• + — . 

p Pi p m q qi q m 

If 1< Pl , ■■■ ,p m < oo and u G fl • • • (1 then 

m 

ir?| 9 || LPH <Cnill/l gj II^H- (4.14) 
j'=i 

// at leat one pj = 1 and uj G ^4j'°°, then 

m 

ll|r?|,||LP,=o H<cnill/kllL^( w) - (4-15) 
J'=l 

Moreover, inequalities (4-H) and (4-15) hold with T* in place T, where T* is the dual 
operator of T . 

Remark. We will continue to study weighted inequalities for mulitilinear pseudo- 
differential operators in the forthcoming paper. 
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